A COUNTEREXAMPLE TO THE UNIT CONJECTURE FOR GROUP RINGS

GILES GARDAM

ABSTRACT. The unit conjecture, commonly attributed to Kaplansky, predicts that if K
is a field and G is a torsion-free group then the only units of the group ring K[G| are
the trivial units, that is, the non-zero scalar multiples of group elements. We give a
concrete counterexample to this conjecture; the group is virtually abelian and the field

is order two.

1. INTRODUCTION

Three long-standing open problems on the group rings of torsion-free groups are com-
monly attributed to Kaplansky: the unit conjecture, the zero divisor conjecture and the
idempotent conjecture. Let K be a field and G be a torsion-free group and consider the
group ring K[G|. The unit conjecture states that every unit in K[G] is of the form kg for
k € K\ {0} and g € G, the zero divisor conjecture states that K[G] has no non-trivial
zero divisors, and the idempotent conjecture states that K[G] has no idempotents other
than 0 and 1. The unit conjecture implies the zero divisor conjecture [Pas85, Lemma
13.1.2], which in turn implies the idempotent conjecture; these implications hold for
each individual group ring K[G].

In this paper we disprove the strongest of these three conjectures, namely the unit
conjecture.

Theorem A. Let P be the torsion-free group (a,b|(a®)? = a=2, (b*)* = b=2) and set
x = a?,y = b%,z = (ab)?. Set

p=0+x)1+y)(1+z1)

q= x‘ly_l +x +y_lz +z

r=1+x+y 'z+uxyz

s=1+(x+xt+y+y Hz L

Then p + qa + rb + sab is a non-trivial unit in the group ring Fy[P].

The unit conjecture and the zero divisor conjecture were formulated by Higman in his
unpublished 1940 thesis [Hig40a, p. 77] (see also [San81, p. 112]), in which he proved
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the unit conjecture for locally indicable groups (the corresponding paper [Hig40b]] was
written earlier and omits the conjectures). The zero divisor conjecture appeared in
print in the report of a 1956 talk of Kaplansky [Kap57, Problem 6]; for integral group
rings it appears in the original 1965 Kourovka Notebook as a “well-known problem”
[KM18) 1.3]. The unit conjecture was later posed alongside the zero divisor conjecture
by Kaplansky [Kap70] having also been asked for integral group rings by Smirnov and
Bovdi.

If the unit conjecture were true for IF,[P] then its group of units would be isomorphic
to P and in particular “small” in various senses, such as being finitely generated and
virtually abelian; this prediction also fails.

Corollary B. The group of units of F»[P] is a torsion-free linear group that is not finitely
generated and contains non-abelian free subgroups.

In Section 2| we provide further context, explaining our focus on the group P. The
proofs are given in Section |3 in 3 parts: deriving how to compute in K[P] in terms
of K[Z3], giving a criterion for piecewise symmetric units, then applying this to prove
Theorem [A]and Corollary B} Finally, we briefly discuss open problems in Section {4

Remark. After the fact, with the unit and its inverse in hand, Theorem |A|is of course
readily verified using computer algebra. Since it admits a short human-readable proof,
we present such a proof.

2. BACKGROUND

The zero divisor conjecture and the idempotent conjecture have turned out to be sus-
ceptible to analytic and K-theoretic methods, despite having being posed with very
little evidence; for example, the zero divisor conjecture holds for elementary amenable
groups [KLMS88, Theorem 1.4] and holds over C for groups satisfying the Atiyah con-
jecture (see [Lin93], [Liic02, Lemma 10.39]), and the idempotent conjecture over C fol-
lows from either the Baum—Connes or Farrell-Jones conjecture (see [Val02, §6.3] and
[BLRO8| Theorem 1.12] respectively). In contrast, the unit conjecture has only been es-
tablished as a consequence of the stronger combinatorial and purely group-theoretic
property of having unique products. A group G is said to have unique products if for
every choice of non-empty finite subsets A,B C G theset A-B = {ab:a € A,B € B}
contains some element uniquely expressible as ab for a € A,b € B. This implies the
a priori stronger ‘two unique products’ property [Str80] and thus the unit conjecture.

The first example of a torsion-free group without unique products was constructed by
Rips and Segev using small cancellation techniques [RS87]. Shortly thereafter, Promis-

low provided an elementary example [Pro88] in the (torsion-free) virtually abelian
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group P variously known as the Hantzsche-Wendt group, Promislow group, or Fi-
bonacci group F(2,6). The group P is the unique torsion-free 3-dimensional crystallo-
graphic group with finite abelianization; specifically, it is a non-split extension

12723 3P Z/2xZ/2 1.

In Promislow’s example we have A = B and |A| = 14.

Craven and Pappas attacked the question of whether group rings of P have non-trivial
units, filtering potential units according to a complexity measure called length L that
comes from the word length in the infinite dihedral quotient of P. They established the
unit conjecture for P amongst elements of length L < 3 which as an application shows
that Promislow’s set does not support a non-trivial unit [CP13, Theorem 12.1]. We
have to entertain the possibility that the unit conjecture is equivalent to unique prod-
ucts; if it is, and failure of unique products begets non-trivial units, then the aforemen-
tioned theorem shows that this cannot happen “locally” in the corresponding sense.
Our counterexample has length L = 4 (after conjugation by a).

It appears plausible that non-trivial units in IF,[P] always have support of cardinal-
ity at least 21, as in Theorem |Al This is prohibitively large for previous strategies
to find such a unit, which are subject to some form of combinatorial explosion or
another. One approach is to consider how products could cancel in pairs to give a
unit over [F, and take the presentation defining a corresponding universal group; this
was used for instance to rule out the existence of non-trivial units a over IF, with
|suppa| = 3 and ‘supp zx_1] < 11 or |suppa| = ‘supp oc_l{ = 5 for any torsion-free
group [DHJ15| Proposition 4.12]. Alternatively, one could work directly with a specific
group, such as P. This has surely been attempted before, and one can decide invert-
ibility of « € K[P] using a determinant condition [CP13, Theorem 8.5], but the number
of candidates is astronomical. A key factor that makes the counterexample tick is
that both it and its inverse are assembled from the same highly symmetric pieces (see
Lemma [I). Note however that although Promislow’s undocumented “random search
algorithm” could have been restricted to A = B without losing completeness [Str80],
greatly constraining the search space, a unit & # 1 in IF>[P| cannot be self-inverse since
then (a + 1)2 = 0. The computational methods used to find this unit will be discussed
in [Gar21]].

The zero divisor conjecture is known for P so this counterexample does not directly
suggest a line of attack. If the zero divisor conjecture is true, then we have established
that it is not true for the perhaps more combinatorial considerations of the unit conjec-
ture. On the other hand, if the zero divisor conjecture is false, then this paper removes

a serious psychological impediment to finding a counterexample.
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3. THE COUNTEREXAMPLE

3.1. Setup. In this paper we will work with the structure of P as an extension of Z>
by a Z/2 x Z/2 quotient. In order to facilitate calculations, we will describe this
extension very explicitly, including its defining cocycle (factor set) and action. One
could perform this computation in various ways; our approach is flavoured with Bass—
Serre theory.

We adopt the convention of conjugation acting on the right: s := t~1st. We introduce
new variables x = 4% and y = b? into the presentation

<x,b,y,a!xb =x 1 y° :y_l,x:az, b? =y)

and observe that this expresses P as an amalgam of two Klein bottle groups, namely
(x,b|x? = x71) and (y,a|y* = y~1), along their isomorphic index-2 Z? subgroups
(x,b?) = (a%,y) (in particular, this shows that P is torsion-free). Being normal in each
factor, this subgroup is normal in the amalgam, with corresponding quotient Dy, =
Z/2x7Z/2. We pick z = abab as a lift to P of a generator of the infinite cyclic group
[Deo, Deo]. As x% = (a?)(®0) — (3=2)(@) — x and similarly y* = y, we see that in fact
(x,y,z) = Z3 is the kernel of P — Z./2 X Z./2.

Write Q for the quotient Z /2 x Z /2. The action of P by conjugation on (x, y, z) induces
an action of Q in which the non-trivial elements act as conjugation by a, b and ab. The
action of a and b on (x, y) can be read off the presentation; for the action on z note that
z% = z and

2z = bab(a®b)ab = bab(ba~?)ab = b(ab*)a~'b = b(b~2a)a'b = 1.

Let us explicitly record the action for all 3 non-trivial elements of Q.

Xt =y ya — y—l P Z—l
xb — xfl yb =y Zb — Zil
xab — x—l yab — y—l Zab — 5

The set-theoretic section o: Q — P with image {1,4,b,ab} defines the cocycle f: Q x
Q — Z3by f(g,h) = o(g)o(h)o(gh)~!. In order to compute it we just need to know
how to push an a past a b. One of the defining relations tells us that b= 1a? = a=2p~!

and thus
bab~ta ' =?(b?)a e = P (a7 e b e =yl = L

With this identity in hand we determine
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f(g, h)|1 a b ab
11 1 1 1
a|l x 1 x

b1 xlyz7t oy xlz7l
ab|1  ylz  y! z

where the table reads left-to-right (the rows give g and the columns give h).

Let K be a field. Every element B € K[P| can be written uniquely as ()1 + (B).a +
(B)pb + (B)apab for 4 Laurent polynomials in K[x*!,y*!,z*1]. Let us now record the
general product in K[P] in terms of such polynomials, which follows immediately
from the above table giving the cocycle f. If &« = p+qga+rb+saband &' = p’ +q'a+
r'b + s'ab for Laurent polynomials p, q,7,s,p’,q',7',s' € K[x*!,y*!,z+1], then

(a/w)l _ p/p—i-xq/q”—i-yr/rb-l-zslsab

(Oélﬂé)a:}?lq—i-q’}?a—i—x_ 2 17’/Sb+y 1. ab

(&'a)y = p'r + xq's" +r'pb 4y~ 1zs'q"

(“/“)ab _ p/S -i-q/i’a + x—lyZ 11’/qb _I_S/pab
3.2. Piecewise symmetric units. In order to express fully the symmetry exhibited by
the constituent polynomials of the non-trivial unit, we need to introduce square roots
into the polynomial ring. Morally, one could see this as a form of fake torsion, since at
the group level this would correspond to taking a finite index overgroup of P which is
no longer torsion-free. (Note that we do not mean symmetry in the sense of symmetric
polynomials, which is permutational, but rather specific rotational symmetry, as per the
statement of the lemma.)

Lemma 1. Let K be a ﬁeld and let the group P and a,b,x,y,z € P be as in Theorem [A] Let
p,q,1,s € K[xt1,y*!, 251 be Laurent polynommls in x,y,z. Adjoin square roots of x and y
and  suppose that po, qo, 70,50 € K|x 3 Y 3,71 defined by py = x~ zy Zp, go = yzq, ro =

X"2r, sg = s are all invariant under the action of ab (i.e. under x — x~ 1,y — y~1,z — 2).

If the equations
Q) piso — qor + 2z (Phso — qor)" = 0
(2) PoPo — qodo — To7g + S0sp = 1

hold, then p + qa + rb + sab is a unit in K[P].

Proof. Leta = p+qa+rb+saband o' = p’ + g'a+ r'b + s’ab. We shall prove that the
following choices p’,¢’, 7', s’ make a’ inverse to «. Since P is virtually abelian it satisfies
the zero divisors conjecture [Cli80, Theorem 2], so it suffices to check that a’a = 1 (as

this implies that a’(aa’ — 1) = 0 and thus aa’ = 1). In this table we also record the
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action of ab and b on the polynomials p, q,7,s, which is an immediate consequence of
the invariance of py, qo, 70 and sp under the action of ab.

]9/ e x—lpa pab _ x—ly—lp Pb — x—lypa
g =-x"q 9" = yq =y
= —ylr b — x— 1y b= x~ 1"
s 1=z 1" s =5 st ="

The invariance encoded in these last two columns does half of the computation of o’
substituting in immediately gives

(), = x 1pPg —x1gp” —x 1z ly s 4y 27 sy = 0,
(), = x 7 1pr — xx7Ygs" —y~lralyp® 4+ ylzz styg = 0.
For the remaining two components, we have
(DC/DC)ab — x—lpas . x—lqra . x—lyz—ly—lry—lqa + Z—lsax—ly—lp

_ x—l(pas o qra o y—lz—qua +y—lz—1sap)

_ 1 _1 _1 1 1 -1 1 1 1 11
x Hx2y " 2pfso —y 2qox2rf —y 'z Ix2rgy2gf + vz a2y 2pg)

1 1
— 5., —5 a a -1 a -1 .a
= x" 2y 2(pyso — qoro — 2z Toqdo+2z shpo)

N|—

:x_

=0

Y2 (plso — qord + 2 (piso — qord)")

and

(Wa)y = x " 1pp —xx1gq" — yy tra " 4 2z 1s%

1.1 1 ., 11 _1 1, 1.1 1, a
=X X2y 2poX2Y2po—Y 2qoy2qp — X “X2T9X2Ty+ SpS0
a a a a
= PoPo — 9090 — ToTp + S0Sp

=1.

3.3. Proofs of Theorem [A]and Corollary

Proof of Theorem[A] For notational convenience, let v = x? and w = y%, and write
=0 '4+0v, W =w'!4+wand z = z7! + 2z We simply need to verify that the
polynomials

po = vw(1+z1)

qJo = v 2w+ v*w + Wz
ro =09+ (v w2+ vw?)z
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so=14+ @2+ +w 2 +uw?)z !
=1+ (*+w*)z !
satisfy Equations (I)) and (2) of Lemmal(l} since they evidently have the required sym-

metry under simultaneous inversion of v and w (that is, the action by ab). Note that
since we are working in characteristic 2, 9> = (v=! +v)? = v=2 + v2.

Let & := plso — qors = plso + qor? in characteristic 2. Define y: Fo[v*!, wtl, 251 —
oo, wtl, 251 by ¢(17) = z715%. We show that (&) = &, so that Equation (T) holds
as claimed, by modifying each of the summands of ¢ by € := vw(1 + z). Note first that
plso +e = ow(1+z)(1+ (2> + @*)z~ 1) + 2w (1 + z)
= ow(1 4z 1) (7* + @°)

2 1

is invariant under 1. Write v = v 2w ™! + v?w and § = v~'w~? + vw?. The invariance

of
qort +e = (y+wz) (04 6"z 1) + 0w (1 + z)
= (o + w" + ow)z° + 787z
under ¢ now follows from

oy + 08" + 0w = (v +0) (v 2w + v*w) + (w +w) (v w? 4+ vw™?) 4 5w
= v 3w 4+ w + vw 2 4+ v w? + 20w
= (v 2w+ *w V) (v w2 4 vu?)
= ).
Thus ¢(&) = p(piso + € + qgor§ + €) = ¢, establishing Equation (T).
We observe that
vy = (v 2w + 2*w) (v ?w + FPw ) = ot 4 @

and similarly 66 = @* + 2. Hence we can compute

popl = (1 +z How(1 + z)

= (y+@z)(v" +wz )

(
= (2" + @) + @(yz "' +9"2) + T

w(yz ! +9"2)



Since
Dy + 96 = (w '+ w) (v 2w + *w) + (v 4+ 0) (v w? + vw2)
o202 o2 2 4 o2 - w? - w? 4 P2
— 2% 1+ 7+
= wy" + 0o
we see that qoq8 + rord = o* + w* + (0*@w? + 9% + w?)z. Thus

popo + (4096 + rorg) + 505G
W%z + (o* + @' + (*w* + 0> + 0?)z) + (1 + o* + @* + (7° + @°)2)

completing the verification of Equation (2) and thus the proof. [

Proof of Corollary[B} We first observe that the group E = (IF2[P])* of units is torsion-
free and linear (which is unrelated to our counterexample and presumably already
known). Torsion-freeness follows quickly from the absence of zero divisors. Indeed,
if B # 1 and B" = 1 then factorizing " — 1 implies that "~ + --- + 1 is zero. If
n = 2 thisisjust B = 1 and if n is odd then this gives a contradiction after applying the
augmentation map F»[P] — TF,. It is a classical fact that if H is an index n subgroup
of G then K[G] C M,,(K[H]) [Pas85, Lemma 5.1.10] which in our case restricts to E <
GLy(Fp[x*!, y*1, z*1]) so E is linear over the field F»(x, vy, z).

We will now consider an infinite dihedral quotient of P to verify that E is infinitely
generated and has free subgroups. Let Doy = (t,b|b? = 1, t* = t~1). The group of
units of IF[ D] was determined by Mirowicz [Mir91] Theorem 4.1] and we now recall
its description. Fori € Nt and j € Z let

eij=t"+ 1+t + Ut + )b

Then {e;; : i € NT} is a basis for an elementary abelian 2-group U; = ©;cn+Z /2 and
the subgroup generated by all ¢;; is xjezU;. The trivial units Do normalize this free
product, acting by e%’, i = i and ef,]. = ¢;j 2. The full group of units is in fact the
semidirect product

(F2[Deo]) ™ = (S*jezuj) X Deo.



Note that e;; = e;0,t — 1,b — 1 gives a well-defined retraction p: (IF2[Deo])* — Uop;
since Uy is elementary abelian, this implies that (IF2[D])* retracts onto any subgroup
of uO.

For any unit given by Lemma (1, we can replace x? with xK2 in the 4 polynomials
Po, 90, o, so and still have a solution to the required equations (in which the occurrence
of z is the only non-homogeneity) and in the case of Theorem |A| this gives a family of
units

= (xik—i—karl)(l ‘Jl‘]/)(l —I—Zil) + (x—Zk—ly—l +x2k+1 + (]/71 —I—l)Z) a
i <x—k_|_xk+1 + (x—ky—l Jrxk+1y)z) b+ (1 4 (x—Zk—l 42kt +y‘1 4 1)2—1) ab

modelled on & = &g. The surjection 71: P — Deo: a = t,b — b, with r(x) = t?> and
n(y) = m(z) = 1, induces a ring homomorphism 7t: F;[P] — F»[Ds] and the unit ay
is mapped to

() =0+ (24 #H24 ( K+ P 1+ Db+ (1452 4 #5521

and thus 7t(a " taxb) = ey, 0. Thus the image 7(E) C (Fz[D«])* contains a subgroup
isomorphic to @p+2Z /2 onto which (IFp[Deo)) * retracts, so E is not finitely generated.
Indeed, we have shown that H!(E, F,) is infinite dimensional.

Finally, we can for instance take the conjugate units aba~!, a~'ab and a—2aba, whose
images in (IF2[Doo ) * are ez, €20 and ep _», generating Z /2« Z./2 « Z./2, so E contains
non-abelian free subgroups. O

4. DISCUSSION

This paper closes the question of whether the unit conjecture holds for all torsion-free
groups but opens up the study of the corresponding groups of units; Corollary B|is a
first step in this direction, but determining all units in IF;[P] seems extremely difficult,
especially since the group of units is not finitely generated and there is no apparent
reason why all units should be attainable from this counterexample and its obvious
variants. Finding non-trivial units for the group P over fields of other characteristic
remains an outstanding challenge.

The group P is in many senses the simplest group where the unit conjecture could
fail. Although the construction in this paper is highly specialized, it should nonethe-
less be possible to find non-trivial units for torsion-free groups that do not contain
P as a subgroup. This brings the unique product property into focus. Torsion-free

groups without unique products constructed via small cancellation arguments, such
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as in [RS87, Stel5| IGMS15| [AS14], pose a difficulty for hands-on computational ap-
proaches, since the presentations are correspondingly large, and we know very few
examples beyond these [Car14), Soel8].

A better, more geometric understanding of the unique product property would be
illuminating. The property of being diffuse, introduced by Bowditch [Bow(00], is a con-
sequence of left-orderability and implies the unique product property. Dunfield gave
the first example of a diffuse group which is not left-orderable [KR16, Theorem A.1].

Question 1 ([KR16, Question 1]). Does there exist a group which is not diffuse but has
unique products?

Distinguishing the unique product property from the unit conjecture is likewise out-
standing.

Question 2. Does there exist a torsion-free group G without the unique product prop-
erty such that K[G] satisfies the unit conjecture, for some field K?
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